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1 Introduction

The Moment Generating Function (MGF) provides a comprehensive summary of a random
variable’s distribution through its moments. In this paper, we will explore MGF's in different
discrete and continuous distributions in the univariate and multivariate cases. Then, we will
use the differentiation of the MGF from the definition to find the expected value and variance.
In addition, we will introduce the important properties and theorems with their proofs of
MGF's and show how to apply them in different scenarios of distribution theory.

2 Univariate Case

Moving into the univariate case, we begin by defining Moment Generating Functions (MGFs),
essential for understanding their impact on statistical analysis and distribution theory. This
foundational step is critical for later discussions on their properties and applications.

2.1 Definition
The moment generating function (MGF) of a random variable X is defined as
My (t) = Ele"] (1)

where E denotes the expected value, and ¢ is a real number within the domain where the
MGPF exists. This function generates the moments of the probability distribution of X by
differentiating M (t) with respect to t and evaluating at ¢ = 0.

2.2 MGPFs for Discrete Random Variables

When X is a discrete random variable, its MGF is derived from its p(x) which is probability
mass function (pmf) as:
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The MGF of discrete random variables is the summation from the range of random variables
of the exponential function of the variable, multiplied by its probability mass function. Let’s
find the MGFs for the discrete distributions of Binomial and Poisson.

2.2.1 MGPF of Binomial Distribution

If X follows a Binomial distribution with a total number of n and probability of p such as
X ~ b(n,p) where probability mass function of X is P(X =z) = (") - p*(1 — p)"*, where x
= 0,1,....n The MGF of X is:

Mx(t) = Z et p()
Mx(t) = ZO et (Z) (L g
£
(2)-»

Mx(t) = (pe' +1 —p)"

By using the binomial theorem (a + b)" )"k Let a = pe! and b=1—

Thus, the MGF of random variables X distributed in the Binomial distribution is Mx (t) =
(pe' +1—p)™.
2.2.2 MGTF of Poisson Distribution

If X follows a P01sson distribution with a parameter A where probability mass function of
Xis P(X =) = 25— ~ where x = 0,1,... The MGF of X is:

Mx(t) = E[Em]
Mx(t) = Y e"pla)

T
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Thus, the MGF of random variables X distributed in the Poisson distribution is Mx(t) =
ek(etfl)‘



2.3 MGF's for Continuous Random Variables

For a continuous random variable X, the MGF is determined using its f(x) which is the
probability density function (pdf) as:

Mx(t) = /00 e f(x)dx (3)

The MGF of continuous random variables is the integral of the exponential function of
the variable, multiplied by its probability density function. Let’s find the MGFs for the
continuous distributions of Gamma, Exponential, and Normal. In addition, we can find the
central and noncentral Chi-Square distribution by MGFs. Let’s take a look.

2.3.1 MGPF of a Gamma Distribution

If continuous random variables X follows the Gamma distribution, X ~ I['(«, ), and the

_z;(—;)ii z>0,a>0,5 >0, where I'(a) is the

gamma function defined as I'(a) = fooo 2% te* dx. Find the moment-generating function of

X

probability density function of X is f(x) =

M(t) = Ele) = [ *fa)ds
OO t:rxaile_%
MX(t) :/0 € Wdl’

ooxafle_x(ﬁ )
Mx(t> :/O WCZQ?

Use the transformation y = x (% — t) to get

Mx(t) = (1= pt)™"
Thus, the MGF of X which follows the Gamma distribution is (1 — gt)~°.

2.3.2 MGF of Exponential Distribution

If continuous random variable X follows the exponential distribution, X ~ exp(\) and the
probability density function of X is f(z) = Ae™**. 2 > 0, A > 0. The MGF of X is shown as:

My () = B[] = /0 " et () da

Mx(t) :/ e Ae ™ dy = /\/ e O dg,
0 0

This integral converges for ¢ < A, and evaluating it, we find

Mx()= 12 = - =)

Thus, the MGF of X is Mx(t)

-t
(1 —£)7', which is a special case of I'(cr, 3) with o = 1
and = %



2.3.3 MGF of a Normal Distribution
Now, consider X having a normal distribution denoted as X ~ N'(u, o) with the probability

)2

density function of X is f(z) = \/2;76_(302_0/; . The MGF of X is shown:

> 1 (@—pm)?
Mx(t) :/ et e 22 dx
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This simplification shows that the MGF of a normal distribution is e#*27°t"

2.3.4 MGF of Chi-Square Distribution

Central Chi-Square

Let Zy, Zs, ..., Z, be independent random variables with Z; ~ N(0,1). If Y = """ | ZZ then
Y follows the chi-square distribution with n degrees of freedom. We write Y ~ 2.

Proof:

Find the moment generating function of Y. Since Z;, Zs, ..., Z, are independent,

My(t) = sz(t) X Mzg(t) X ... X MZg(t)
Each Z2 follows x2 and therefore it has MGF equal to (1 — 2¢)~2. Conclusion:

My (t) = (1 —2t) 5.
This is the MGF of T’ (%, 2), and it is called the chi-square distribution with n degrees of

n

n_q1 _Y
freedom. Its pdf is SH LS
r m pdf is f(y) r(3)2%

Noncentral Chi-Square

Let Yi,...,Y, be independent random variables with Y; ~ N(u;,0%), i = 1,...,n. If each
n 2

i =0 then Q) = le—éyl ~ x2. What if each p; # 07

noy2 .,
Zio Y g given by:

0—2
o tzn_ Iu2
Mo(t) = (1 —2t)"2 —==l )
olt) = (1= 20 Fexp (=20
In general, a random variable () that has an MGF of the form

Mo(t) = (1 —2t)"% exp (i)

The moment generating function of () =

1—2t
follows the x? distribution with noncentrality parameter 6. We write Q ~ x?(n, ). There-

fore,
Q= Zi:l Yz? N X2 (n Zi:l N?) .

o2

Note: If the noncentrality parameter is zero then Q ~ x2 (central x?).
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2.4 Find Expected Value and Variance by MGF's

To find the ky, moment simply evaluate the ky, derivative of the Mx(t) at t = 0
E[Xk] — [MX@)]f;hoderivative (4)

First moment:

My(ty =3 ap() + % S ap(a) + -

Let t = 0, we see that E(X) = Mx(0) =), zp(x)
Similarly, to find a second moment

M(t) = 32 o) + 5 S ple) 4

Let t = 0, we see that E(X?) = Mx(0)” = >, 2*p(x) Or from direct differentiation of the
MGF from the definition and evaluate the derivatives at t = 0. Also note that Mx(0) =1

Mx(t) = E[etx}
Mx(t) = S Mx(t) = Ele]lo = E(X)
Mx(t)" = %Mx (t) = B[22 1o = E(X?)

Based on what we got above we can simply got Var(X) by E(X?) — (E(X))?

2.5 Corollary

Instead of differentiating My () we can differentiate In[Mx(t)] and evaluate the first and
second derivatives at t=0. This will give E[X] and Var[X]

U(t) = In[Mx(t)]

i M) My(0)
vit) = Mx(t)|,_, Mx(0)
My (t) - Mx(t) — [Mx ()]

[Mx(1)]? +=0

= E(X)

\Illl(t) —

— E(X?) — [B(X)] = Var(X)

2.6 Properties of MGFs

Now, we can explore the properties of MGFs. There are three important properties of MGF's,
let’s take a look:

1. If the random variable X plus a constant term a, the moment generating function of
(X+a) is denoted as

Mxo(t) = B(e"XH9) = B(e™) + E(e™) = e Mx(t) (5)



2. If the random variable X multiplies a constant term b, then the moment-generating
function of (bX) would be

Myx(t) = B(e") = E(e™) = Mx(tb) (6)

3. If the random variable X plus and a constant term a and divided by a constant term

b, the moment-generating function of (%) would be
a o t
Misga(t) = B('T5) = M (;) (7)

2.7 Theorems of MGFs

There are two important theorems of MGFs which are about Uniqueness and Independence.
Let’s take a look at each theorem and its proof.

2.7.1 Uniqueness Theorems

If X and Y are random variables that have the same MGF which is Mx(t) = My (t), then X
and Y have the same distribution.

Proof
In this case, X and Y are nonnegative and integer-valued random variables. Let p, = P(X =
k) and g, = P(Y = k), where k=1,2,... Then Mx(t) = E[e!*] and My (t) = E[e'Y]
Now, we can find
R(t) = Mx[in(t)] = E["") = E(t)
S(t) = Mylin(t)] = E[e™")] = BE(t)

If Mx(t) = My (t) it follows that R(t) = S(t) and therefore

D thpe=R(t) = S(t) =)t
k=1 k=1

In calculus, if two power series are equal, then their coefficients are also equal. Therefore,
Pe = qr, k=1,2,... It follows that X and Y have the same distribution.

2.7.2 Independence of X and Y

Let X, and Y be independent random variables with MGFs Mx (t), My (t) respectively, then
the MGF of the sum of these two random variables is equal to the product of the individual
MGFs:

My () = Mx () My (t) (8)

Similarly, if apply property 2 above, for independent random variables X and Y, and con-
stants a and b, the MGF of aX + bY is M,x sy (t) = Mx(at) My (bt)



Proof

MX+Y _ E[et(:c+y] _ E[emety] — E[etx]E[ety]
because X and Y are independent
Mx .y = Mx(t)My(t)

These properties and theorems underpin the utility of MGF's in identifying the distributions,
calculating moments, and facilitating the analysis of random variables’ behavior.

2.8 Applications

1. Use these properties and the moment generating function of X ~ N(u, o) to find the
moment generating function of Z ~ N(0,1) to find the moment generating function of
X ~ N(u,0).

X —
X~N(o?),Z=""t s X=u+02~N©01)
ag

My (t) = My () = E[e0479) = ¢ Ble77) = ¢ - My (ot) = 437

2. Suppose X, Y are independent random variables. Find the distribution of X + Y, where
X ~ N(M170%)7 Y ~ N([Lz,()'%).

My (t) = Mx(t) - My (t)

tu1+%t2a% t,uz—&-%tzag

=€ &

— et(u1+u2)+%t2(¢7%+03

Thusv X+YN N(M1+/'L2a V O%+U§)

2.9 MGFs for Different Distributions Summations:
2.9.1 MGFs for the sum of binomial distributions.

There are two independent binomial random variables, X and Y, with parameters ny, p and
ne, p respectively. Find the MGF of their sum, Z = X 4+ Y
The MGF of a binomial random variable X with parameters n, p is given by:

Mx(t) = (1 —p+ pe')"

For two independent binomial random variables X and Y, the MGF of their sum Z = X 4+Y
can be found by multiplying their MGFs due to the independence property:

Mz(t) = Mx(t) X My(t)
Substituting the formulas for Mx(t) and My (t):

Mz(t) = (1L —p+pe)" x (1 —p+pe)™

Mt) = (1= po+ pel)

This shows that Z is indeed a binomial random variable with parameters ny + ns, p
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2.9.2 MGPFs for the sum of Poisson distributions

Consider two independent Poisson random variables X and Y with parameters A\; and A,
respectively. The MGF of a Poisson random variable with parameter A is given by:

My (t) = XD

The MGF of the sum Z = X + Y for independent Poisson random variables is the product
of their individual MGF's:

Mz(t) = Mx(t) x My(t) = e =1) o Jra(e'=1)

My (t) = P =D

Hence, the sum of two independent Poisson random variables is also a Poisson random
variable with parameter \; + .

2.9.3 MGPFs for the sum of Gamma distributions

Let X and Y be two independent gamma random variables with shape parameters aq, as
and a common scale parameter 5. The MGF of a gamma random variable is:

wo-(-2)°

The MGF of the sum Z = X +Y is given by:

Malt) = s x Myl = (1-5) " x (1-5)

u ¢ —(c1+az)
0= (1-5)

The sum of two independent gamma random variables with the same scale parameter is a
gamma random variable with shape parameter a; + as and the same scale parameter .

2.9.4 MGPFs for the sum of Normal distributions.

Suppose X and Y are two independent normal random variables with means px, uy and

variances 0%,0% respectively. The MGF of a normal random variable with mean p and

variance o2 is:
2t2

Mx(t) = e“t+%‘7
The MGF of the sum Z = X + Y is the product of the MGFs of X and Y
My(t) = Mx(t) x My(t) = e“XH%UgctQ % euyH%a@t?
My(t) = elbxtmiebhrod )

Thus, the sum of two independent normal random variables is another normal random
variable with mean px + py and variance 0% + 0.
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3 Multivariate Case

In this section, we take look into the multivariate normal distribution and its moment-
generating function (MGF). We will present essential theorems and proofs that highlight the
distribution’s characteristics and its MGF.

3.1 Definition

Let X = (X1, Xy, ..., X)), be a random vector and let t = (1,2, ..., t,)" be a vector of real
values. The joint moment generating function of X is defined as:

Mx(t) = E(e") = B(e>=o'®) (9)

Compared to the univariate cases, the MGF's in multivariate have the same equation but the
power of exponential has a dot product of t’s transpose and X.

3.2 Joint MGF of Multinomial Distribution

Let X be a multinomial distribution which denoted as X ~ M (n,p), where p is a column
vector contain (py, ..., p,) The joint moment generating function of X is:

n.
Mx(t)=E[e*]=>"Y ... ) e tXxlle - PPy

T T2 Ty

E Z Z Z xl'% Xy ple ) 1(p2€t2)m2 .. (prefr)xr

1 T2

Using the multinomial theorem we get the joint moment generating function of the multi-
nomial distribution
Mx(t) = (pre® + pae + ...+ pre’)" (10)

Example
Let’s show that U = X; + Xy ~ Binomial(n,p; + ps) if X ~ Multinoimal(n,p).

My (t) = Mx, x,(t) = E (FXH) =3 23 "y " ———— o (1e))" (poe')™ -y

= (pre’ +poe’ + ... +p)"
= (pre’ + pae’ +1—p1 —po)"
= ((p1 +p2)e’ + 1= (p1 +p2))"
Therefore, U = X; + X5 ~ Binomial(n, p; + ps).



3.3 Joint MGF of Multivariate Normal Distribution

Let X be a multivariate normal distribution which is denoted as X ~ N, (p,X), where p
is a mean vector and X is a covariance matrix. The moment generating function Mx(t) is
given by:

Mx(t) = E[et*] = Ble¥X-m+t'n)

Given that X is multivariate normal, (X — p) is also multivariate normal with mean vector
0 and the same covariance matrix 3. The quadratic term t'(X — p) follows a normal
distribution with mean 0 and variance t'Xt. Thus, we can write:

Mx(t) = e"#Blezt™"]

Because (X — ) is centered, its expectation is just the exponential of its variance/2, leading
to: )
Mx(t) _ et’u+§t’2t (11)

This is the moment-generating function of the multivariate normal distribution.

3.4 Theorems

There are four important theorems related to Multivariate MGFs. Let’s take a look at each
and see how to apply them.

3.4.1 Theorem 1 - Expected Value and Variance

Similarly to the univariate case, we can find the expected value and variance in multivariate
case of X; by those steps:

Let M;(t) = P52, My(t) = 5, and My (1) = 82??515“'

Then, E[X;] = M;(0), E[X?] = M;;(0), and E[X;X;] = M;;(0).

Corollary:

We can find the mean, variances, and covariances using the logarithm of the joint moment
generating function.

Let ¢(t) = log Mx(t), i(t) = Z¢x(t), ¢u(t) = g—zz%bx(t)’ and v;;(t) = %;tj@bx(t) Then
EX; =1;(0), var(X;) = 1;4(0), and cov(X;, X;) = ¢;;(0).

We will take look examples in our later Application section.

3.4.2 Theorem 2 - The Marginal MGFs

Let X = g . The marginal moment generating function of Y (Z) is the moment generating
function of X ignoring the vector Z (Y). This is expressed as My(u) = Mx(u,0) and

Mz (v) = Mx(0,v), where t = (3
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Proof
Mx(t) = E[e"*] = E[e*Y 7]
- F [e(zuz‘yﬂrzvizi)}
Now set all v;’s =0
= E[e"Y] = My(u)
= Mx(u,0)

3.4.3 Theorem 3 - Independence
Let X be (Y,Z)'. If Y and Z are independent then Mx(t) = My (u)Mz(v).

Proof
Mx(t) = B(e'X) = B(e¥+72)

Because of Y and Z are independent

= E(GUIY)E(GUIZ) = My(u> . Mz(’l])

3.4.4 Theorem 4 - The Joint MGF's

Let X = (Xq,..., X)), t = (t1,...,t,), and Mx(t) be the joint moment generating function
of X. Then

(a) Let V.=>7" X;and W =>" aX;+0.
Show that My (r) = Mx(r) and My (r) = e Mx (air, asr, . .., a,r).

Proof:
My(r)=E(e")=E (erzx") =F (6TX1+“'+TX”) = Mx(r), r=/(r,..,r)
My (r) = BV = E (6T(ZaiXi+b)> — R (GZairXi) — e My (arr, .. . ant)
Note:
Mx(t) = E (et1X1+t2X2+...+tan>

Mw<7“) _ E<€7~W> - B (er(ZaiXH-b)) _ 6rbEv (62 aiTXi) — €TbMX(a17’a . 7an71)

(b) Let W =>"" a;X;+band U =>"  ¢X;+d. Then W and U have joint moment
generating function given by My (1, s) = " T4 My (a1 + ¢18, . .., anr + ¢,5).

Proof:

MW,U(T75> — E[erW+sU]
_ E[eT(ZaiXi“l‘b)“rS(ZCiXi“rd)]

erb-i-sdE[e(ra1+861)X1+..4+(mn+scn)Xn]

= "N (ray + scq, . .., Tay + 5C;,)
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3.4.5 Theorem 5 - The Distribution of AX + ¢

Let X ~ N (1, %) and let A be an m x n matrix and ¢ an m x 1 vector. Then the random
vector Y = AX + ¢ follows a multivariate normal distribution Y ~ N (Au + ¢, AL A).

Proof: The moment-generating function of Y can be found by considering the transfor-
mation of X and is given by:

My(t) _ E[et’(AX—i-c)] — et’cE[e(A’t)’X]

Since X is multivariate normal, we can use its MGF":
1
Mx(A't) = exp ((A’t)',u + §(A't)'Z(A't))
Substituting back into the MGF of Y, we have:

My (t) = e exp ((A/t)',u + %(A't)’Z(A’t))

1
My (t) = exp (t’(Au +c) + §t(AZA’)t)
This is the MGF of a multivariate normal distribution with mean Au + ¢ and covariance

AXA’, which completes the proof.

3.5 Applications
3.5.1 Marginal MGFs Examples

Consider the multinomial probability distribution X ~ M (n,p) with joint moment generat-
ing function
Mx(t) = (pre" +pae” + ...+ pe')"

Find the marginal moment generating function of X; by Theorem 2.

My, (t1) = (pre" +p2o+ps+...+p) = (pe" +1—p)"

where ty = ... =1t, = 0.
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3.5.2 Mean and Variance

Since we know the My, (t1) = (pie" + 1 —p1)", let’s see how to use Theorem 1 to find
E(X7) and Var(X;. First, let ¢(t) = In(Mx(t)) = In(pre™ + pee’ + ... + pe'"). Then:

0 0 npe't
t) = —u(t) = — (1 b - tr =
valt) oty ®) oty (In(pae® -+ pre™)) preft + .+ peetr
n
Att=0, E(X1)=11(0)= % = np1

o? 0 np et
£) = 2p(t) = —
Yut) atﬂ( ) ity (pletl +... +pTetr)

= npe’ [pletl + ...+ petr —p16“]
' (pret + ... + pretr)?
At t =0, var(Xy)=111(0) =np —npl =npi(1 —p)

4 Conclusion

This paper presented a detailed investigation of the Moment Generating Functions (MGFSs)
for key univariate and multivariate distributions: Binomial, Poisson, Gamma, Exponential,
Normal, both central and noncentral Chi-Square, Multinomial, and Multivariate Normal.
The exposition aimed to elucidate the concept and properties of MGFs, and demonstrate
their practical utility, especially in deriving mean and variance for diverse distributions.
It is hoped that this paper has broadened the reader’s understanding of MGFs and their
significance in statistical analysis. Thank you for reading my paper.
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